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Decentralized Design for Integrated
Flight/Propulsion Control of Aircraft

Zhenyang Chen* and Petros G. Voulgaris'
University of Illinois at Urbana-Champaign, Urbana, Illinois 61801

A direct decentralized approach to the design of integrated flight/propulsion control (IFPC) systems is consid-
ered to reduce complexity and validation drawbacks of centralized designs. The imposed triangular decentralized
structure on the IFPC controller allows for separate evaluation of the engine controller as well as for the eval-
uation of the achievable performance of the overall IFPC system. H techniques that require the solution to a
Riccati-like equation are used to develop the design method. This method is applied to an aircraft aeropropulsive
model, and the results indicate that the approach may be a vital alternative to other techniques appearing in the

literature.

I. Introduction

UTURE military fighter design aims toward aircraft with en-

hanced maneuver capabilities such as high-angle-of-attad op-
eration and short takeoff and vertical landing. To achieve these
enhanced maneuvering capabilities, the propulsion system can be
used to provide additional moments and forces to the ones gener-
ated primarily by the conventionalaerodynamicflight control effec-
tors. Thus, an integrated flight/propulsion control (IFPC) system is
needed to coordinate the functions of both the flight and the propul-
sion systems.

Design techniques for IFPC are given in Refs. 1-4, where cen-
tralized as well as hierarchical controller structures are considered.
When no particular structure is imposed on the controller, the re-
sulting centralized design may produce a relatively complicated
controller that is difficult to implement and validate. Furthermore,
the controller of the propulsion system cannot be tested separately,
which is the responsibility of the engine manufacturer.

In Refs. 1 and 3, methods to reduce the complexity of central-
ized controllers resulting from linear quadratic and H, methods
are presented. The centralized controlleris partitioned into what is
called flight and engine subcontrollers with a specific interconnec-
tion structure. More specifically, an approximation to the central-
ized structure by two state-decoupled subcontrollers is attempted
in Ref. 1. In Refs. 3 and 4, starting again from a centralized struc-
ture, a reduction to an airfame controller that generates all com-
mands for the aerodynamic control surfaces as well as some com-
mands for a propulsion subcontrolleris attempted. The numerical
resultsin Refs. 1, 3, and 4 indicate that the closed-loop performance
and robustness characteristics of the centralized control system are
matched to an acceptable degree by the partitioned subcontrollers.
Of course, there is the tradeoff between matching and subcontroller
complexity. The specific partitioning can also be interpreted as a
form of a hierarchical structure.

Although these subcontrollers can be implemented separately,
note that the engine subcontroller is (indirectly) affected by the
airframe measured variables through the airframe controller.

In this paper, in contrast to the methods in Refs. 1, 3, and 4, we
do not start our IFPC design from a centralized controller to obtain,
indirectly, a partitioning to appropriate subcontrollers. Rather, we
proceed with a direct decentralized approach where the intended
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structure of the controlleris imposed from the beginning. A general
framework such as the one shown in Fig. 1 is employed to ad-
dress IFPC design. In Fig. 1, G represents the generalized plant that
contains the flight and propulsion dynamics; K is the controller;
w and u represent disturbance/commands and control inputs, re-
spectively,with w =(w/, wi)" andu = (uf, ul)"; z is the output
vector to be controlled; and y is the measurement output vector,
with z=(z], z})" and y =(y}, y/)". The subscripts f and e in
the partitioning of w, u, z, and y refer to what can be classified
as airframe- (flight-) and propulsion-relatedvariables, respectively.
Note that the generalized plant G may contain not only the flight
and propulsiondynamics to be controlled, but also weighting func-
tions that specify desired performance requirements. We consider
direct decentralized control methods, where we impose, from the
beginning, an (upper-) triangular structure on the IFPC controller
as in Fig. 2, where the propulsion (engine) controls u, are gener-
ated based only on the engine measured variables y,, whereas the
flight controls u ; are based on both engine and airframe measure-
ments y, and y, respectively. Accordingly, the engine controller
can be identified as K., whereas the flight controlleris identified as
K;=(Ks Ky.). Although other types of decentralized structures
can also be considered, the one chosen represents a well-separated
propulsion subsystem that can be analyzed and tested. This can be
realized because the effect of the flight controls, which are typi-
cally deflections of force and moment generating surfaces on the
airframe, is quite small on the engine dynamics. Hence, there is a
natural separation of an engine subsystem that is affected only by
the engine controls u, (and not by u /) that is, the engine related
variables y, for all practical purposes depend on u, only (whereas
vy depends on both u, and u,). By imposing the constraint of an
upper-triangularstructure on the controller K (i.e., by forcing u, to
depend only on y, ), we isolate the engine loop from the overall sys-
tem. This loop consists of the engine dynamics (which is practically
not affected by the airframe controls u ;) and the controller K,,. It
is this loop that can be tested and analyzed separately. Specifically,
this structure allows us to investigate the following: What are the
conditions under which there exists an engine controller K,, such
that, when tested only with the propulsionsystem, it delivers a guar-
anteed performance level y in the engine-related closed-loop from
w, to z,, whereas, when put in the IFPC framework of Fig. 2, it
allows for the design of a flight controller K, =(K;; K/,) so that
the integrated closed-loop from w to z has no worse performance
level than y ?

Classifying control input or output variables as engine- or flight-
related may be performed in different ways. There is always a
sort of natural classification, but from the controls point of our ap-
proach it may not be always desirable. Rather, an open-loop control
effectiveness of the integrated system may be more appropriate to
dictate how to classify a controlinput. If, for example, an inputhas a
significant effect on both the engine and airframe dynamics, it may
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Fig.2 Generalized plant and the decentralized controller with trian-
gular structure.

be preferable to classify it as a flight control input, although it may
seem more natural to consider it an engine variable. This is because
classifying such an input as an engine variable and restricting it (by
our upper-triangular scheme) to depend only on y, may limit its
effectivenessin the overall IFPC system. In the cases where there is
a relatively significant effect of the control inputs u ; to the engine
variables y, (i.e., when there is a strong two-way coupling between
what is considered the engine and the flight dynamics), the separa-
tion and isolation of an engine closed-loop subsystem becomes less
transparent. Nonetheless, the proposed decentralized structure still
provides a separated engine controller (but not necessarily a sepa-
rated engine loop) that operates only on engine variablesto generate
engine controls.

Note that the proposed procedureis not a sequential design. That
is, we do not design K,, first and then, after we close the engine
loop,design K ;. In a sequencialdesign, we may come up witha K,
that works very well with the engine alone, but once hooked into
the engine loop we have no guaranteesthata K ; can be designedso
that the overall performance in the integrated system is acceptable.
In our approach we find a priori a guaranteed performance level for
both the engine and the integrated system; we also furnisha K,, and
a K, that deliver the guaranteed performance simultaneously.

In the paper we consider performance in terms of the Ho norm
of the closed loop. The approach is based on the connection be-
tween control with a guaranteed Ho performance level and alge-
braic Riccati-like equations that together satisfy the decentralized
structure. Based on the work in Refs. 5 and 6, a method is given
on how to construct the decentralized IFPC controllers of Fig. 2 to
guarantee a desirable level of performance. This method is applied
to the aircraft aeropropulsive model of Ref. 1, and the results are
evaluated.

II. Mathematical Preliminaries

Consider the output feedback Ho -norm-bounding disturbance-
rejection problem for the following linear, time-invariant system:

Hx
X =Ax + Bu + Gw,, y=Cx + Du+n, z=
u

6y

where wy and n are exogenous inputs such as disturbances and/or
commands and sensor noise, z is the outputto be regulated, y is the
measurement, and u is the control input.

Thereis a vast literature on methods for H, -norm-boundingcon-
trollerdesignthatrely on the solutionsof algebraic Riccatiequations
(e.g., Chapters 15 and 16 in Ref. 7 and references therein) or, more
recently, on the solution of linear matrix inequalities (LMIs).8~1°
When structural constraints on the controller are imposed (e.g., re-
duced order, decentralization, etc.) the optimal H,, problem be-
comes hard to solve. Nonetheless, several methods for practical
design have been proposed with either Riccati (Refs. 5 and 6, Chap-
ter 20 in Ref. 7) or LMI-based'' methods.

Our approachto derive an H,, -norm-boundingcontrolleris based
on the algebraic Riccati equation (ARE) methods as used in Refs. 5,
6, and 12. In particular, given a specified controllerstructure, obtain
the closed-loop system with state-space description

xll = El'xll + GllW7 Z = Hll'xll (2)
where w =(w{, n”)". Then select, if possible, controller parame-
ters so that the ARE

F,ITPu + PuFu + (1/7/2)P11G11G;Pu + H,ITHu =0

has a solution P, >=0.If (F,, H,) is a detectablepair, then the closed-
loop system (2) is stable, and the closed-loop transfer function ma-
trix T'(s) = H,(sI — F,)"'G, from w to z satisfies || T[| < 7.

The idea of designing a decentralized control system with cer-
tain structure stems from the aforementioned approach. First fix
the controller structure in the desired upper- (or lower-) triangular
form, then select, if possible, the controller parameters to satisfy the
resulting AREs.

For the IFPC designs, rewrite the LTI system (1) with

u W
X =Ax + (B, Be)< f>+G< °f>
u. Woe

fo Hx Wo
y f ny
= = x + S z=\u S =|n
Y (y e') (Ce) (”e) ! " !
u, n,

Here,y;, y.,us, u,,ns, n,, wos, and wy, and By, B,, C,, and C,
are vectors and matrices respectively, with appropriately matched
dimensions. The subscripts e and f denote the vector or matrix
being related to either the engine or the flight variables.

Denoting

S; = B,BT,
P 0 B, 0
P('= B B(.z B
0 P 0 B,
G c; 0
G.=("). C. =
G 0 C

A _(A—SeP+(1/y2)GGTP S, P )

S=S5,+8,

()

S;P A-S;P+(1/y>)GG"P
where P >0 solves the ARE
ATP + PA+(1/y)PGG™P - PSP+ H"H =0 (3)

the followingtheoremis used to guide the design of the decentralized
controller with upper-triangularstructure.

Theorem: Let (A, H) be a detectable pair and y be a positive
scalar. Suppose P >0 satisfiesEq. 3), A, = A+ y > GG"P - SP
is Hurwitz, and A, + SP has no jw-axis eigenvalues. Let W >0
satisfy the Riccati-like algebraic equation

AW+ WA! + (1/yHWP.B.B'P.W + G.G' —wCIC.W

+ (W, —w)crc.w, -w)" =0 (4)
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with W, inupper-triangularform, and W, being the upper-triangular

part of W. If an observer gain

L: L,
L, = fr f
0 L.
is chosen by L. =W, C, then the decentralized feedback control
law with upper-triangularstructure

& =[A=SP+(1/y)GG"P — L;Cr )& — L,C.E

+(Lys L) <§f>

& =[A-SP+(1/y)GG"P = L,C.]& + Le.y.

ug\ (- B ; P&,

u, )  \-BIP¢ 5)
stabilizes plant (1), with the closed-loop transfer-functionmatrix of
Eq. (2)

T(S) = Hu(SI - El)_lGu
from w to z satisfying
Il <7 .

The preceding theorem can be proven along the lines of Refs. 5
and 6, where a fully decentralized structure, that is diagonal, is
imposed on the controller and a Riccati-like equation similar to
Eq. (4) appears. For completeness, to account for the necessary
modifications of the approach in Refs. 5 and 6, due to our current
triangular structure, a proof is given in the Appendix.

The Riccati-like algebraic equation of the preceding theorem
is solved by iterations. For the decentralized control system with
triangular structure, the matrix W is calculated by the following
steps: Compute an approximation of W, by first ignoring the term
0 =(W,—W)CIC.(W, — W) inEq. (4). Then use W, to compute
an approximation of Q, of @, and use Q, in the obvious way to
compute the next approximate solution of W;. Iterate this procedure
until the candidate solution W; makes the matrix norm of left-hand
side of Eq. (4) less than some acceptable tolerance, then take W;
as the solution of W of Eq. (4). Computational experience shows
that this iteration scheme works well for small-sized problems, typ-
ically four or five state systems. For a such problems, the required
time (at least for the academic examples the authors considered)
was 2-3 min computation on a out-of-date 40-MHz, 64-MB Spark
2 connected to a Sun network. For larger problems, the procedure
can consume a significant amount of computer time. In particular,
for the problem at hand (nine states), an excess of 2 h in compu-
tation time was not unusual. Nonetheless, with a more up-to-date,
stand-alone computer the computation time can be significantly re-
duced, at least by a factor of 4. In addition, a more sophisticated
iteration scheme can also improve the computational time. This is a
subject of future research that the authors plan to investigate. Once
W is computed, the controlleris readily obtained by Eq. (5) of the
preceding theorem.

III. TFPC Design Example

A. Aircraft Model Description

The aircraft model studied here is taken from Ref. 1. It is a two-
spool turbofan-enginepowered aircraft with two-dimensionalthrust
vectoring and reversing nozzle. We consider, as in Ref. 1, only the
longitudinal dynamics and, hence, a single-dimensional thrust vec-
toring (pitch) capability. The system dynamics are linearized at the
short takeoff and landing approach-to-landing task condition, the
airspeed is V; =120 kn and the flight-path angle is y =—3 deg.
The integrated airframe and propulsion system state-space repre-
sentation has the following form:

X, =A,x, + Byu,, Y, =Cpx, +Dyu,

where the state vector is
x,=(u w g 6 h N2 N25 P6 T41B)"

with

u =aircraft body axis forward velocity, ft/s
w =aircraft body axis vertical velocity, ft/s
q =aircraft pitch rate, deg/s

0 =pitch angle, deg

h =altitude, ft

N2 =engine fan speed, rpm

N25  =core compressor speed, rpm

P6 =engine mixing plane pressure, psia

T41B =engine high-pressure turbine blade temperature, °R
and the control input vector is

u,=(WF A78 A8 &v)7
with

WF =engine main burner fuel flow rate, Ib/h
A78 =thrust reverser port area, in.2

A8  =main nozzle throat area, in.

ory  =nozzle thrust vectoring angle, deg

The airframe and engine output vector is

y,=(V ¢, N2P EPR)"

with
Vv =aircraft airspeed, ft/s
q, =pitch variable,q + 0.10

N2P =engine fan speed N2 as % of the maximum allowable
revolutions per minute at operating condition
EPR  =engine pressure ratio

Looking at the measurement vector y,, one can naturally con-
sider the measurements V and ¢, as flight-related outputs and N2 P
and EPR as engine related. The control inputs WF, A78, and A8
affect both the airframe (primarily the speed V') and the engine dy-
namics, whereas the thrust vectoring dry has very little effect on
the propulsion system dynamics. Thus, éry can be considered as a
purely flight control input. Also, the inputs A78 and A8 appear to
have less impact on the flight-related outputs than W F. Hence, one
can classify them as engine-related inputs. W F' can be considered
as an engine- or flight-related variable due to its effect on both. If
W F is considered an engine-related input, it is bound to provide
poor performancein our decentralized scheme; thus, it will depend
only on the engine-related outputs N2P and EPR and not on any
of the flight variables V and g,. This restriction can cause severe
flight performancedegradation,particularlyin controlling the speed
V. Initial decentralized designs we performed exhibited very poor
performance when W F was selected as an engine input together

¢
Penalty 7
%) matrix
U, Scaling N Plant
Matix Su'

Performance | Reference inputs

e i .
: | Seaing ¢ Weighting |y

L—Controller +—{ Matrix Sy

Fig. 3 Block diagram for controller designs.
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with A78 and A8, leaving dry as the only flight controlinput. Based
on this analysis, the following classification was used:

_(WF _[AT8
Uur= Sy . u, = A8
(Vv __(N2P
yf - gy ’ Ye = EPR

B. Design Description and Evaluation

Both the centralized and direct partial decentralized controller
designs were performed according to the framework of the block
diagram in Fig. 3. In this configuration, the block plant represents

8
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Fig.5 Responses of V, ¢,, N2P, and EPR to step commands V., dy, N2P., and EPR_, respectively.
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Fig. 6 Responses of controls WF in pounds per hour, A8 and A78 in inches squared, and dtv in degrees to a step input dy, in inches.
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the original aircraft model and the block performance weighting
models the ideal command tracking properties, that is, flying qual-
ity models. These ideal models are as in Ref. 1 and are given here
in the Appendix. Two scaling blocks ;! and S, as in Ref. 1 are
used to properly scale the system to guarantee the numerical preci-
sion in the design process; these are also given in the Appendix. The
controlledoutputof interest is z, which is composed of the weighted
tracking errors e and scaled control inputs u,. The weighing occurs
in the penalty matrix, where we penalize steady-statetrackingerrors
and controlaction with integratorlikeand constantpenalties, respec-
tively. The parameters of these type of penalties are tuned so that the
good tracking performance is achieved with reasonable control en-
ergy. The controlleroperates on the (scaled) errorsand measurement
e, and is designed to be an H., -optimal full-block controller in the
centralized design and a block upper-triangular’H,, -norm-bounded
suboptimal controller in the direct decentralized design approach.
In the direct decentralized approach, as shown in Fig. 4, the
controller is designed to be in an upper-triangular structure, with

40
g 20\/—\—//
w0
[ =4
3
§' (0] XN
= \
€ \ P
£-20 N -
0 \ -7
o -
= _40 a7

-60

0 5 10 15 20

time(second)

(]
o

N
(=}

T41B (Deg.R) response
o
/\ \

-
o

the engine and flight output measurements together being used
to design the flight subcontroller K, whereas only the engine
output measurements being used to design the propulsion (en-
gine) subcontroller K,. All of the blocks in Fig. 3 excluding
the controller block are integrated into the generalized plant in
Fig. 4.

Figure 5 shows the centralizedand decentralizedclosed-loopsys-
tem response to various step command inputs V., ;,, N2P., and
EPR, individually, where J;; is the pilot stick input in inches. The
dashed lines are the actual responses to the step inputs, and the
solid lines are the desired responses related to the weight discus-
sion. As can be seen from Fig. 5, the output response characteris-
tics of the centralized design match well with the desired behavior.
Moreover, the decentralized design matches fairly well with the
desired response for the (flight) commands V, and J;,, whereas it
exhibits a slightly inferior steady-state behavior to (engine) com-
mands N2 P. and EPR.. This should not come as a surprise because
in the decentralized design the engine controls A8 and A78 utilize
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Fig.7 Responses of N25, P6, and T41B to a step input ;.
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a restricted set of information as opposed to the remaining flight
controls.

In all of the step responses shown the control inputs were within
their maximum limits in both the centralized and decentralized de-
signs. Also, the fan speed excursions were within operationalrange,
althoughno directlimiting for surge or stall was imposed in this pre-
liminary study. The response of the controls to a step command &,
is shown in Fig. 6. The states N25, P6, and T41B responses to
step input J;; are also shown in Fig. 7. Note that the response of the
controls and the states is quite different between decentralized and
centralizeddesign despite that the outputsin Fig. 5 look similar. The
difference can be noticed in both the initial as well as the steady part
of the response. Generally speaking, and this holds true for all of the
responses, including the ones not shown here, in the decentralized
design it takes relatively longer for the states to settle. However, the
decentralized response appears smoother. This also should not be
a surprise. The centralized design is a more aggressive design be-
cause it utilizes all of the information and generates a faster system.
Also, generally speaking, the substantially different control usage
between centralizedand decentralizeddesign occurs in the response
of A8 and A78 to the (engine) commands N2 P, and to EPR.. This
is shown in Fig. 8, where in the decentralized design, to account
for the limited information given, both A8 and A78 have to work
considerably harder relative to the centralized design.

IV. Conclusion

In this paper direct decentralized Ho, design of IFPC systems is
studied. The approachis based on the solutionto a Riccati-likeequa-
tion. This equation can be quite complex to solve, which generates
a need for computationally efficient methods. However, our experi-
ence with relatively simple iterative methods to solve this equation
has shown that for relatively small-order systems, one can get rea-
sonable convergence without requiring unrealistic computer time.
Moreover, the results from the application of this method to an aero-
propulsivemodel are promising,and, thus, the method may be a vital
alternative to other techniques appearing in the literature.

Appendix: Proofs and Ideal Models
A. Proof of Theorem
Theorem: Let (A, H) be a detectable pair and y be a positive
scalar. Suppose P >0 satisfies Eq. (3), A,= A+ y 2GG"P - SP
is Hurwitz, and A, + SP has no jw-axis eigenvalues. Let W > 0
satisfy the Riccati-like algebraic equation

AW+ WA! + (1/y*)WP.B.B P.W + G .G
- WC(TC(W + (Wu - W)C(-TC('(Wu - W)T =O (Al)

with W, in upper-triangularform and W, being the upper-triangular
part of W. If an observer gain

L: L,
L, = fr f
0 L.
is chosen by L. =W, C, then the decentralized feedback control
law with upper-triangularstructure

& =[A-SP+(1/y>)GG"P — L;C,1 — L,C.E

+(Lys L) (?)

£ =[A-SP+1/y)GG"P = L..C,]& + L.y

ur\ _ (-BIPg
u, ) \-BIP¢&

stabilizesthe plant(1), with the closed-looptransfer-functionmatrix
of Eq. 2)

T(S) = Hu(SI - El)_lGu

from w to z satisfying

1Tl <7y ]
Proof: Rewrite the LTI system (1), with
. uys
x =Ax + (Bf Bc’) + GWO (AZ)
u,
C n
Ye Ce n.
Hx
= llf (A4)
u,
Wo
w = nf (AS)
n,

Here, y;, y., uy, u,, ny, and n, are vectors with appropriately
matched dimensions and B, B,, C, and C, are matrices with ap-
propriately matched dimensions. The subscriptse and f denote the
vector or matrix being related to either the engine or the flight vari-
ables. Thus, the revised problem becomes to design a controller
u” =(uf, ul)", where the design of the u; control law uses the
local measurementsy , as well as the measurementsy,, whereas the
design of the u, control law uses only the local measurements y,.
These controllers are based on the observers that form the estimate
vectors § ; and &, of the state vectorsx for feedback control. These
state estimate vectors are used for feedback so as to approximate
the state feedback control law.

Let P >0 solve Eq. (3), which is the ARE related to the sys-
tem (1). Then the output feedback control laws generated will be in

the following form:
ur i B; PS/’
u, —BTP¢,

To best approximate the plant dynamics, the ideal form of the
observer should be as follows:

: . Yy Cfo
&, =A¢., +Bsu,+ B, + Gn,, + L |:< >—<
! d ff ! ! Ye C.E,

Se = Ase + Beue + Bfﬁf + Gnue + Le(ye - Ce'se)

where n,; and n,, are estimates of the worst disturbances and L,
and L, are observer gains used in designing the observers £ ; and
&, respectively. The approximationof the controlapplied by engine
or flight controlleris @, or @i, as seen from one another’s control
loop:

no\ _ ((11yHGT P, a.\ (—B/P¢;

n.) \(1/y")G"PE, ) iig)  \-BiPE
Denote L, =(L s, L,s) and L, =(L,, L,.) =(0, L,.), and rear-
range the preceding equations (A2-AS5)

% =Ax—B;B{P(x+e;)— BB/ P(x +e,) + Gw,
ey =&; —x%

= Ae; — B,B/ P(e; —e,) + (1/7*)GG" P(x + ¢;)

w s e, s e, C
’ 1 d n. g d e€e

¢, =& —x
= Ae, — ByB[ P(e, —ey) + (1/7*)GG" P(x + e,)

-Gwyg+ L,n,—L,C,e,
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that is,

Hx
X, = I'gX, + GUW, = uf = Huxu

u,
withx¥! =(x7, e%, el ). To bound the Ho norm of the closed-loop

f ’
system, there must be a P, >0 satisfying the following ARE:

I:;Tﬁu"'ﬁuﬁu+(1/y2)ﬁuéuézﬁu+[:I,,T[:]u =0 (A6)

- P 0
Pll=
(v »)
(F,

” H,) being a detectable pair and F, being Hurwitz. Here, P >0
in P, solves ARE (3), and P; > 0 is to be determined.
To simplify to the derivation, let us adopt the following notation:

with

S;=B;BY, S=S;+S, (A7)
(P 0 s _(B 0O , I (A8)
S O P 9 c O Be 9 c Ie

I Ly L, C; 0
G, = ar L = ff an C. f
I, 0 L. 0 C

(A9)
A |:A—SeP+(1/y2)GGTP S, P }
T P

S;P A=S;P+(1/y)GG"
(A10)

S,=B.B’,

~

Thus,

. A—SP —BBTP, - G 0
F, = ‘ , G, =
(1/y»G.G™P A, - L.C. -G, L,

q H 0
““\-B’P.I. -B'P.

The left-hand side of Eq. (A.6) becomes
]”:,ITI;u + I;u]?u + (1/7/2)1311611611;11 + [:],IT[:IU

(A=SP)TP
(A(' - L('C(')TPI

[(1/75G.GTP] P,
(-BBTP.)'P

P(A—SP) ~PBB'P,
+
(1/y»P,G.GP P(A. - L.C,)
| / PGG'P ~-PGG'P,
7> \-PG.G"P P(G.G" + L.L")P,

+

H'H + (B'P.1,) (BTP.1) (B'P.I) BIP.
e (sren)  (sre) (ar)

(Ul 1 U12>
= r =U (A11)
U12 U22

If we can find a set of parameters to make the matrix U equal
zero, the corresponding ARE (A.6) of the closed-loop system will
be satisfied. Furthermore, as will be shown in the lemma, F;, and H,
can be proven to be a detectable pair, and F, is Hurwitz. Then we
can draw the conclusion that the closed-loop system is stable and
has a bounded H. norm, that is, [[7(s)ll« < y for all frequencies,
where T(s) =H,(sI — F,)"'G,.

Afterrearrangingthe termsrelatedto U;,, we find outthat U;; =0
from the ARE (3). Also, it turns out that the off-diagonalblock U,
also equals zero.

Now Eq. (A.11) becomes

T D D I 2Np —~ ~Tp 7T 17 0 0
F Pll + Pll El + (1/7/ )Pll GllG Pll + H Hll =
a a a O U22
with
Up =ATP + P/A. = C'LTP, = PIL.C. + (1/y})(P,G.G! P,

+PL.L!P)+ P.B.B]P.
However,
Up =P [PTIAT + A.PT = PUICTLD - L.C.P!

+(1/y*G.GT + (1/y*)L L + Pl“P(.B(.B(,TP(.Pl“]Pl
By the denotingof W = y2 P!, then P”' =(1/y?)W the preceding
U,, related equation becomes

U, =(1/7/2)P1Z P,

with
T =WA +AW-WwC/Ll -L.CW+G.G] +L.L

+(1/y))WP.B.B'P.W = AW + WA”
+(1/y*)WP.B.Bl P.W + G.G] — WC/C.W

+(L.—wcl)(L] —c.w)

Now, we can pick P; or, equivalently, L, and W, to make U,, =0.
Moreover, L, must be of block lower- or upper-triangularform. By
the defining of

W= W1 1 W1 2 _ Wl 1 W12
Wi Wy’ ! 0 Wy
then

Lower (b La\ _ (W Wa)(Cf oo
¢ Tt 0 L, 0 WyJ\o cr
(A12)

thus,
Up =(1/y)P[AW + WAT + (1/y*)WP.B.BI P.W + G .G

—WCTC.W + (W, = W)CTC.(W, — W)T] P,

with U,, being zero is needed.
The results stipulate that a Riccati-like algebraic equation

AW+ WA! + 1/y*)WP.B.B P.W + G.GI —wCIC.W

+ (Wu - W)C(TC((Wu - W)T =0 (A13)

must be satisfied by carefully choosing L. and W with W > 0. O

Now we need to find conditions under which F, and H, is a
detectable pair.

Lemma: Giventhe definitionsof Eqs. (A7-A10), where P >0 sat-
isfies Eq. (3), W_> O satisfies Eq. (A13), and L. satisfies Eq. (A12),
the pair F, and H, is detectableunderthe followingthree conditions:

1) A and H is a detectable pair.

2)A, = A+ (1/y>)GGT P —SP is Hurwitz.

3) A, + SP has no eigenvalueson the j axis.

Proof: Assume 2 is an eigenvalue of F, corresponding to an
unobservable mode of F, and H,, that is, some vi =(vI,v])£0
satisfies

A—-SP

F _BBTP( Vi Vi
Fv = ¢ =1 (A14)
(1/y)G.G™P A, —L.C.) \m v

and
av=( ¥ 0 Y=o  (A19
v =\-p'p1. -BTP)\»,) T

Now we want to show R,(A) <0 so that the pair I:“,, and f],, is
detectable.
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From the lower block of Eq. (A15) and the upper block of
Eq. (A14) we can get

AV] ZAVI (A16)
Hv, =0 (A17)

Because A and H is a detectablepair from the assumption, thisim-
plies that either R,(A) < 0 (thus, F, and H, is detectable) or v; =0.
If v, =0, then (A, — L.C.)v, =Av, from Eq. (A14). If A, — L.C,
can be proven to be Hurwitz, the detectability proof is completed.
From the equation related to U,, =0, we have

(A, = L.COW + W(A, = C.L.)" + (1/y*)WP.B.B' P.W

+G.GT +L.LT =0 (A18)

Let nn* and m be the left and right eigenvectors of A, — L.C.
corresponding to the eigenvalue A, and multiply Eq. (A18) on the
left by »* and on the right by 7 to obtain

2R,.(Wm*Wn + (1/y*)m°W P.B.B! P.Wn +1°G,.Gn

+n*L.LIng=0 (A19)

Because every term in Eq. (A19) is nonnegative,and W > 0 from
assumption, from R, ()n*Wn <0, R,(1) <0isreached. However,
if R,(1) =0, then every term in Eq. (A19) must be zero; hence,
n*L. =0. Then A is an eigenvalue of A.. If we use a similarity
transformation matrix M to transform A, to M~'A_ M, with

v=(0)

A, +SP S,P
0 A,

then
M 'AM = (

However, A, is assumed Hurwitz, and A, + $X is assumed have
no imaginary eigenvalues, and so A cannot the eigenvalue of A,.
Thus, R,(1) < 0 is reached. O

B. Ideal Models and Scaling Blocks
The desired response transfer functions are
V. 0.04s +0.125 g 35125 +17.56
V. s2+0.641s +0.13 8,  s2+3.995 +5.02

N2P/N2P, =5/(s + 5), EPR/EPR, = 10/(s + 10)

The scaling matrices are
S, = diag[2.0e — 04, 0.02, 0.01, 0.1]
S, =diag[0.05, 0.3, 0.2, 3.0]
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